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1. Answer the following as directed : 1x10=10

(a) Describe an open ball in the discrete
metric space.

(b) Find the derived set of the sets (0, 1]
and [O, 1].

(c) A subset B of a metric space (X, d) is
open if and only if

) B=B

(i) B=B°

(i) B#B

(iv) B # B°
(Choose the correct one)
Contd.
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(d) Which of the following is false ?

(e)

fi) ¢=6 X°=X
i) AcB=A°cB°
i) (ANB)°=A°NB°

iv) (AUB)°=A°UB°

where A, B are subsets of a metric
space (X,d). (Choose the false one)

The closure of the subset

e
= :5:3) """ of the real line R is

v ¢
@ F
i) FU{0}

v) F-{o}
(Choose the correct one)
In a metric space an arbitrary union

of closed sets need not be closed.
Justify it with an example.
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(g9 If A is a subset of a metric space
(X, d), then which one is true ?

f) d(a)=d(a)
@) d(A)=d(A)
i) d(A)>d(A)

)

(iv) d(A) <d(A
(Choose the true one)

(h) When is an improper Riemann integral
said to be convergent ?

(i) Evaluate je”‘dgc if it exists

() Show that F(1)=1

2. Answer the following questions : 2x5=10

(a) Let F be a subset of a metric space
(X,d). Prove that the set of limit

points of Fis a‘élosed subset of (X, d).
(b) If F, and B are two subsets of a

metric space (X, d) then

F NF,=FNF,. Justify whether it is

false or true.
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fc) Let (Xx,dy) and (Y,d,) be metric
spaces and f:X-Y. If for all
subsets A of X, f(A)c f(A), then
show that f is continuous on X.

(d) Let f:[a,b]—> & be integrable. Show
that |f| is integrable.

fe) Show that the function f:[a,b]->R
defined by f(x)=c for all xe[a,b] is
integrable with its integral c(b-a).

Answer any four parts : 5x4=20

(a) Define a complete metric space. Show

that the metric space X =R" with the
metric given by

1
dy(xy)=(SIx -y P)e, p21

where x=(x, x5,...,, x,) and

Y =(Y1 Y, Yn) are in R", is
a complete metric space. 1+4=5
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(b) Let (X,dy) and (Y,d,) be metric

(c)

(@)

spaces. Prove that a mapping
f:X Y is continuous on X if and

only if f7!(G) is open in X for all open
subsets G of Y. S

Prove that if the metric space (X, d) is
disconnected, then there exists a
continuous mapping of (X, d) onto the
discrete two-element space (X,,d,).
S

Let f:[a,b]>R be a continuous
function. Prove that fis integrable.
S

Discuss the convergence of the integral

o

I—I? dx for various values of p. S
1 X

Show that for g>-1,




4. Answer any four parts : 10x4=40

(@ @

(W

(b) (i

(ii)

Let (X,d) be a metric space.
Define d: XxX > R by

tf d(x’y)
d(x,y)=—7""""=

(x,y) 1+d(x,y) for all
x,y € X . Prove that d' is a metric
on X.

Also show that d and d' are
equivalent metrices on X.
4+2=6

Prove that a convergent sequence
in a metric space is a Cauchy
sequence. 4

Let (X, d) be a metric space and

F be a subset of X. Prove that F
is closed in X if and only if F¢ is
open. S

If (Y,dy) is a subspace of a

metric space (X,d), then show
that a subset Zof Yis openin Y
if and only if there exists an open
set Gc X such that Z=GNY.
5
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(c) Prove that a metric space (X,d) is
complete if and only if for every nested

sequence {Fn},,zl of non-empty closed

subsets of X such that d(F,)—>0 as

- «]
n — «, the intersection (1 F, contains

n=1
one and only one point. 10
(d) (i Prove that in a metric space
(X, d), each open ball is an open
set. 4

(i) Let (X,dy) and (Y, dy) be metric
spaces and A c X. Prove that a
function f:A - Y is continuous
at a € A if and only if whenever a
sequence {x,} in A converges to

a, the sequence { F (xn)}

converges to f(a). 6

(e) (i) Define uniformly continuous
mapping in a metric space. Give
an example to show that a
continuous mapping need not be
uniformly continuous. 1+4=5
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(i) Prove that the image of a Cauchy
sequence under a uniformly
continuous mapping is itself a
Cauchy sequence. S

() Let (R,d) be the space of real
numbers with the usual metric. Prove
that a subset I cR is connected if
and only if I is an interval. 10

(g9 Let f:[a,b]>R be a bounded

function. Show that f is integrable if
and only if it is Riemann integrable.
10

(h) (1) State and prove first fundamental
theorem of calculus. Using it
show that

4
f(x)dx=aT for f(x):xa.

1+3+2=6

(i) Let f be continuous on [a,b].
Prove that there exists ce[a,b]

b
such that b_l_ajf(x)dx =f(c)

a
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